In this paper, a scheme for perfect reconstruction in M channel, maximally decimated QMF banks is first presented, for arbitrary M . The solutions are such that the analysis and synthesis filters are FIR and of the same length. Based on the theory, lattice structures for the two-channel case are derived, which offer an efficient design as well as implementation procedure for two-channel perfect reconstruction systems. Such lattice implementations are robust in the sense that the perfect-reconstruction property is preserved inspite of coefficient quantization.
I. INTRODUCTION
We consider the M channel quadrature mirror filter bank shown in The terms in (1) corresponding to 1 # 0 represent the effects of aliasing. If aliasing-distortion is canceled by appropriate choice of synthesis filters, the result is a time-invariant system with transfer function
T ( z ) = X ( z ) / X ( z ) = xEilFk(z)Hk(z)/M which is called the distortion transfer function. If T ( z ) is allpass, there is no amplitude distortion; if T ( z ) is a linear-phase
FIR function, there is no phase distortion. Finally, if T ( z ) = czPnO which is a pure delay, then all distortions are absent, and we have perfect reconstruction feature (abbreviated PRF), i.e., ( z ) in this form, we can define an M x M matrix E(z) = [Ekl(z)] of polyphase components. In a similar manner, each synthesis filter can be expressed Fig. 2(a) is an equivalent structure for Fig.  1 . The decimators and interpolators can be relocated based on standard identities [2] , to obtain Fig. 2(b) .
If E(z) and R(z) satisfy R(z)E(z) = czPnlI where nl is an arbitrary integer, then it is easily verified that (2) holds with no = M -1 + nlM. This requires that R(z) be of the form ~z -~l E -l ( z ) .
If H k ( z ) are FIR then Ekl(z) are FIR, but in general has IIR entries of high order, which may even represent unstable filters. Such matrix inversion and the associated problems can be avoided if E(z) is unitary on the unit circle. This property means that Et(ej")E(ej") = PI for all w (where P is an arbitrary scalar constant ). 
where d is a constant and no is a positive integer. Clearly F k ( z ) are FIR filters of the same length as the FIR filters H k ( z ) .
Paraunitariness of E(z) is not a necessary condition for obtaining perfect reconstruction structures. However, such matrices offer a simple means of achieving perfect reconstruction.
One way to constrain E ( z ) to be paraunitary is to
... The Smith-Barnwell result [4] can be summarized as follows: let G ( z ) be a linear-phase FIR filter of order 2(N -1) with frequency response G(ej") = e-jw(N-l)Go(ejw) where Go(ej") is the amplitude response, which is a real and positive-valued quantity. ASsume that G ( z ) is a 'half-band' filter [ll] , so that the response exhibits a symmetry with respect to w/2. Such
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where k is a constant. (We can assume without loss of generality [ 111, that N -1 is odd). If we now define the analysis filter H o ( z ) to be any spectral factor of G ( z ) , and take the remaining filters in the 2 channel QMF bank to be
(56) then the QMF bank exhibits perfect reconstruction property (PRF). In particular, we can verify that
The pair i H o ( z ) , H l ( z ) j will be called a perfect reconstruction pair ( P R P for convenience).
Property (6a) implies that the FIR transfer functions Ho(z) and H l ( z ) are power-complementary, Le., the magnitude-squares add up to a constant:
It has recently been established
[e] that any pair of power complementary FIR transfer functions can be synthesized in the form of a cascaded lattice structure as shown in Fig. 3 (after normalizing the constant in (6b)  to unity) . If the further restriction in (5a) is imposed we can show that, the even numbered lattice coefficients satisfy k2, = 1. This in turn means that, the lattice structure can be redrawn in the form of the analysis bank in Fig. 2(a) . Since each criss-cross in Fig. 3 has the transfer matrix it is orthogonal, hence the resulting E(z) is paraunitary. In other words, we can state the following result: H1 (x) are the analysis filters in the 2 channel Smith-Barnwell QMF bank, then the polyphase component matrix E(z) is necessarily paraunitary. Moreover, we can always implement the analysis bank in the form of a lattice structure. It can be verified that the synthesis filters given in (5b) can be realized by transposing the analysis lattice. These lattice structures are shown in Fig. 4 , which is clearly a special case of Fig. 2 , for M = 2. In Fig. 4 , each lattice section has 2 multipliers unlike Fig. 3 . This is because, we have divided through by k , in each section. Such denormalization does not affect any of the significant properites of our interest.
As a converse of the above result, we can show that,
the transfer functions H o ( z ) , H , ( z ) , Fo(z), Fl(z) gener-
ated by the lattice always satisfy (5) and ( 6 ) , regardless of the values of f f k . Accordingly, Fig. 4 represent a structurally perfect reconstruction system. In particular, the transfer function No(.) generated by the lattice is necessarily a spectral factor of an appropriate linearphase FIR halfband filter with positive-valued amplitude response, and this statement holds for any values of "k.
If H o ( z ) , H l ( z ) , F o ( z ) , F l ( z )
are implemented in direct form, then due to coefficient quantization, the relation (6) does not hold exactly, and hence the reconstruction is not really perfect. On the other hand, if lattice structures are used for the actual implementaion of the QMF bank, (6) holds inspite of quantization of "k
OPTIMIZATION BASED ON THE LATTICE
Another advantage of the lattice-structre interpretation of the Smith-Barnwell result is in the design of the
transfer function Ho(z).
One design procedure would be to compute a spectral factor of an appropriate FIR halfband filter G ( z ) , which in turn can be designed using a standard method (such as the equiripple algorithm [4]). But the stopband attenuation of the halfband filter is about two times that of Ho(z), and for large N -1 there are several zeros of G ( z ) on the unit circle. Accordingly, spectral-factorization can be time consuming and/or ill-conditioned.
A second design procedure, based on the lattice structure of Fig. 4(a) , relies on the fact that, the lattice transfer functions satisfy properties (5), (6) zeros on the unit circle, which is the maximum permissible for a spectral factor of any halfband filter of order 2(N -1). This feature was observed in all the examples we designed. Moreover, the minimum stopband attenuation of Ho(z) was always very close to the equiripple designs obtainable by spectral factorization [4] . The peak attenuation is monotone decreasing rather than constant, and this is sometimes desirable [2] . Fig. 5(b) shows the magnitude response lT(ei") 1 of the distortion 
